Abstract. In this paper, we study bounded and closed range multiplication and composition operators between two different Orlicz spaces.
Preliminaries and Introduction
The continuous convex function Φ : R → R is called a Young function whenever Let Φ 1 , Φ 2 be two Young functions, then Φ 1 is stronger than Φ 2 , Φ 1 ≻ Φ 2 [or
for some a ≥ 0 and x 0 , if x 0 = 0 then this condition is said to hold globally.
Let (X, Σ, µ) be a σ-finite complete measure space and L 0 (Σ) be the linear space of all equivalence classes of Σ-measurable functions on X, that is, we identify any two functions that are equal µ-almost everywhere on X. The support of a measurable function f is defined as S(f ) = {x ∈ X; f (x) = 0}. Let Φ is a Young function, then the set of Σ−measurable functions
is a Banach space, with respect to the norm f Φ = inf{k > 0 :
is called an Orlicz space [7] .
For a measurable function u ∈ L 0 (Σ), the rule taking u to u.f , is a linear transformation on L 0 (Σ) and we denote this transformation by M u . In the case that M u is continuous, it is called multiplication operator induced by u.
Let T : X → X be a measurable transformation, that is, T −1 (A) ∈ Σ for any A ∈ Σ. If µ(T −1 (A)) = 0 for all A ∈ Σ with µ(A) = 0, then T is said to be nonsingular.
This condition means that the measure µ•T C T (f )(t) = f (T (t)) ; t ∈ X, f ∈ L 0 (Σ).
Here the non-singularity of T guarantees that the operator C T is well defined as a mapping from L 0 (Σ) into itself.
The composition and multiplication operators received considerable attention over the past several decades especially on some measurable function spaces such as L P -spaces, Bergman spaces and a few ones on Orlicz spaces, such that these operators played an important role in the study of operators on Hilbert spaces. The multiplication and weighted composition operators are studied on Orlicz spaces in [4, 2] . Also, some results on boundedness of composition operators on Orlicz spaces, are obtained in [1, 5] (see also [6] ). In this paper we investigate composition and multiplication operators on Orlicz spaces by considering closed range, Fredholm and invertible ones.
Bounded multiplication and composition operators
In this section first we recall that an Σ-atom of the measure µ is an element A ∈ Σ with µ(A) > 0 such that for each F ∈ Σ, if F ⊆ A, then either µ(F ) = 0 or µ(F ) = µ(A). A measure space (X, Σ, µ) with no atoms is called a non-atomic measure space [10] . It is well-known fact that every σ-finite measure space (X, Σ, µ)
can be partitioned uniquely as X = n∈N A n ∪ B, where {A n } n∈N is a countable collection of pairwise disjoint Σ-atoms and B, being disjoint from each A n , is nonatomic. Also, in a σ-finite measure space all atoms have finite measure [10] . Here we recall a fundamental Lemma that is easy to prove. Lemma 2.1. Let Φ i , i = 1, 2, 3, be Young's functions for which
, where (X, Σ, µ) is a measure space, then
Here we give some necessary and sufficient conditions under which the multiplication operator M u is bounded between different Orlicz space.
Proof. Suppose that M u is bounded. Hence the adjoint operator
For the underlying non-atomic measure spaces we have an important assertion as follows, that states there is not any bounded multiplication and composition
Proof. Suppose on the contrary, let M u,T be a non-zero bounded liner operator. Let
Then {E n } n∈N is an increasing sequence of measurable sets. Since M u,T is non-zero, then µ(E n ) > 0 for some n ∈ N . Suppose F ⊂ E = ∪ n E n with µ(F ) < ∞. Since Φ 2 ≮ Φ 1 , then there exists a sequence of positive numbers {y n } such that y n ↑ ∞ and Φ 2 (y n ) > Φ 1 (2 n n 3 y n ). Since µ is non-atomic, we can find a disjoint sequence
b n χ Fn , where b n = n 2 y n , then for n 0 > α we have
This implies that f ∈ L Φ1 (Σ). But for m 0 > 0 for which
Which contradicts boundedness of M u,T .
Lemma 2.5. Let Φ i , i = 1, 2, 3, be Young's functions for which
Proof. It is easy to get that Φ −1
2 (x), for all x ≥ 0,. Suppose on the contrary, hence there exists δ > 0 and N > 0 such that
Thus we have Φ
The next Proposition is a main tools that we use in our investigation.
Similarly we can find a set
Repeating the process, we
then we have;
This means that f ∈ L Φ1 (X). Also we have
Now we provide some necessary and sufficient conditions for boundedness of multiplication operators between different Orlicz spaces.
(ii) sup
Proof. Suppose that M u is bounded. First we prove (i). If µ{x ∈ B; |u(x)| = 0} > 0, then there exists a positive constant δ such that µ{x ∈ B; |u(x)| > δ} > 0. Put E = {x ∈ B; |u(x)| > δ}. Since µ(E) > 0 and E is non-atomic, then by Lemma 2.5
and Proposition 2.6, there exists f ∈ L Φ1 (Σ) such that f / ∈ L Φ2 (E) and so
which is a contraction. Thus (i) holds. Now we prove (ii). For any n ∈ N , put
) and consequently by the proof of Lemma 2.5
This completes the proof.
Corollary 2.8. Under the assumptions of Theorem 2.7, if (X, Σ, µ) is a non-atomic measure space, then the multiplication operator
Since f Φ1 ≤ 1 ,Therefor we get that
In the sequel we give some necessary and sufficient conditions under which the composition operator C T is a bounded operator between different Orlicz space. Theorem 2.10. Let T : X → X be a non-singular measurable transformation and
Proof. If µ({x ∈ B; f 0 (x) = 0}) > 0, then there exists a positive constant δ such that µ({x ∈ B; f 0 (x) > δ}) > 0. Let E = {x ∈ B; f 0 (x) > δ}. Since µ(E) > 0 and E is non-atomic, by Lemma 2.5 and Proposition 2.
which is a contraction. Now we prove (ii), for this we set f n = Φ
Then we get that
and so (ii) holds.
Theorem 2.11. Let T : X → X be a non-singular measurable transformation,
Proof. Suppose that (i) and (ii) hold. Put sup
Since f Φ1 ≤ 1 , then we get that
1 (c) + 1) and so C T is bounded. Theorem 2.12. Let T : X → X be a non-singular measurable transformation, Φ 2 ∈ △ ′ and Φ 1 (xy) ≤ Φ 2 (x) + Φ 3 (y) and
(ii) µT −1 (B) = 0 and there is a constant M such that Φ
Proof. (i)⇒ (ii, iii). Since C T is a composition operator, then for every n ∈ N and y ≥ 0 there exists K, M > 0 such that
By Lemma 2.5 and Theorem 2.10 we get that f 0 (x) = 0 for µ-almost all x ∈ B, so we have (iii). For the implication (i)⇒ (ii), since C T is bounded, then for a M ′ and all n ∈ N, we have
and so
).
Again, by Lemma 2.5 and Theorem 2.10, we have f 0 (x) = 0 for µ-almost all x ∈ B and so µT −1 (B) = 0. Finally we show that (ii)⇒ (iii). Let n ∈ N, then
Hence by basic analysis information we get that sup
Lemma 2.13. Let Φ 1 , Φ 2 be Young's functions and
we get that
, the by definition of . Φ2 we have
So we have
Lemma 2.14. Let Φ 1 .Φ 2 be Young's functions and
, then we have;
Hence the proof is completed.
Here we recall a definition that came in [9] . For any F ∈ Σ, we put
Then we have the following two lemmas. 
where P X is the set of all partitions of X.
For the partition {F j } of X, by using Lemma 2.15 we have
Conversely; let a > 1 be arbitrarily and set
clearly becomes a partition of X. Therefore by the Lemma 2.15 we have
Since this inequality holds for any a > 1, then proof is completed.
By using the Theorem 2.3 and Lemma 2.14 we give a necessary condition for boundedness of the composition operator C T .
Proof. (i) Since C T is composition operator, by Lemma 2.14 we get that
is multiplication operator. Therefore by Theorem 2.3, for a Φ 3 , we have Φ
(Σ) if and only if there exists a partition
Proof. By Lemma 2.16 it is easy to prove. (
, where 1 < p < q < ∞, is bounded if and only if the followings hold:
(ii) sup n∈N
Then the followings are equivalent:
(ii) f 0 (x) = 0 for µ-almost all x ∈ B and sup n∈N
, where 1 < q < p < ∞, be well defined.
Closed range multiplication and composition operators
In this section we are going to investigate closed range multiplication and composition operators between different Orlicz spaces. First we give a fundamental lemma, then we consider the closed range multiplication operator.
Proof. If we take
x ≥ 0} and so
Since Ψ 1 ∈ ∆ ′ , then we have;
for all x, y ≥ 0
Now we characterize closed range multiplication operators M u :
is a multiplication operator and the following cases are equivalent:
Proof. Let S = S(u). Since M u is a non-zero operator, then µ(S) > 0. First we prove the implication (a)⇒(b). So there exists r ∈ N such that
It is clear that the set {χ An 1 , . . . , χ An 1 } is a generator of the subspace
The implication (b)⇒ (c) is obvious. Finally we prove the implication (c)⇒ (a).
If µ{x ∈ B : u(x) = 0} > 0, then for some δ > 0 we have µ{x ∈ B : u(x) ≥ δ} > 0.
and so M u|G is invertible and its inverse operator is a multiplication operator as follows:
By Theorem 2.7, we have 1 u(x) = 0 for µ− almost all x ∈ G, which is impossible. This contradiction implies that u(x) = 0 for µ− almost all x ∈ B. Now we show that E is finite. Clearly S = n∈E A n and E = ∅.
once more, similar to the previous case, M 1 u is a multiplication operator.
So by Theorem 2.7,
. It is clear that C > 0. Since E = ∅, and for all n ∈ E, 1 ≤ Φ 3 (Cu(A n )).µ(A n ), Then we get that
This implies that E should be finite.
In the next theorem we characterize closed range multiplication operators M u : 
by Theorem 2.7, we have;
. It is clear that C > 0, since E = ∅, and for all n ∈ E, 1 ≤ Φ 3 ( C u(An) ).µ(A n ). Therefor we can write;
This means that E should be finite.
Here we begin to investigate closed range composition operators between different
Orlicz spaces. First we give an elementary lemma.
Lemma 3.4. Let Φ 1 , Φ 2 be Young's functions and T be a non-singular measurable
Proof. It is easy to prove.
Now we characterize closed range composition operators
for all x, y ≥ 0 and T be a surjective non-singular measurable transformation 2 (f 0 )(A n ) = 0} is finite. Hence f 0 (x) = 0 for µ-almost all x ∈ B and the set {n ∈ N : f 0 (A n ) = 0} is finite.
Finally we show that the implication (c)⇒ (d) holds. Suppose (c) holds, then it is easy to show that C T (L Φ1 (Σ)) is contained in the subspace generated by 
In the next theorem we characterize closed range composition operators C T : (a) C T has closed range.
(c) The set {n ∈ N : µT −1 (A n ) = 0} is finite.
(d) C T has finite rank.
Proof. By using Lemma 2.13, Theorem 3.3 and similar method of Theorem 3.5, we get proof.
In the net remark we derive characterizations of bounded and closed range multiplication and composition operators from our main results.
Remark 3.8.
(1) Let multiplication operator M u from L p (Σ) into L q (Σ), where 1 < p < q < ∞, be bounded, then the followings are equivalent:
(a) M u has closed range.
(b) M u has finite rank.
(c) The set {n ∈ N : u(A n ) = 0} is finite.
(2) If 1 < q < p < ∞, then for multiplication operator M u from L p (Σ) into L q (Σ) the followings are equivalent:
(c) u(x) = 0 for µ-almost all x ∈ B, and the set {n ∈ N : u(A n ) = 0} is finite.
(3) Let C T : L p (Σ) → L q (Σ), where 1 < p < q < ∞, be bounded. Then the followings are equivalent:
(a) C T has closed range.
(b) C T has finite rank.
(c) The set {n ∈ N : f 0 (A n ) = 0} is finite. 
Also by Proposition 2.4, there is no non-zero operator
because of Φ(x) < Ψ(x) for x ≥ 0. 
